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A Novel Weighted-Counter Method for Simulating
Coherent TWDP Fading Channels

Maria Luisa Merani

Abstract—New channel simulation models are needed for the
study of future wireless networks, SG and beyond. A novel sim-
ulation technique dubbed weighted-counting is proposed. It is
used to generate random variates having the two-wave with dif-
fuse power (TWDP) fading amplitude distribution. The TWDP
channel model describes high-speed train, femtocell, sea surface,
heterogeneous, and other channels having two different dominant
line-of-sight waves as well as scatter power components.

Index Terms—Fading channels, line of sight, random variate
generation, simulation, two-wave with diffuse power (TWDP),
weighted-counter.

I. INTRODUCTION

HE TWO-WAVE with diffuse power (TWDP) fading

model is an important model for present and future
wireless communication systems [1]-[7]. In this model, the
received signal has two dominant specular components of
comparable powers, plus numerous lower power scatter com-
ponents of comparable powers. This model can represent
high-speed train, femtocell, sea surface, heterogeneous and
other channels, so statistically accurate TWDP fading sim-
ulation is needed. Yet, to the best of the authors’ knowledge,
no efficient method for generating TWDP amplitude random
variates has been reported in the literature.

The contributions of this letter are first, to propose a novel
simulation method dubbed, “weighted counting”, and second
to study how the weighted counting method can be used
to simulate the amplitude of two-wave with diffuse power
(TWDP) fading channels. In theory, the direct method [8] can
be used to generate random variates having any probability dis-
tribution. However, in practice the direct method sometimes
can not be used in cases where the inverse function of the
cumulative probability distribution (CDF) is not known, or is
not known in a simple form. While numerical inversion of the
CDF can be efficiently employed in some cases, it may be
complicated, or it may require extensive tables of coefficients
for different parameter values that define the CDF [9]. The
direct method sometimes cannot be used in cases where the
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inverse TWDP CDF function is not known. Numerical inver-
sion of the CDF is not viable because the TWDP distribution
has three degrees of freedom.

In the alternative, the rejection method of generating random
variates is simple and effective in some cases where the direct
method is not viable [10]. This method depends on finding a
suitable overbounding PDF for the desired PDF. The efficiency
of the method is determined by the selection of the overbound-
ing PDF (also dubbed the “hat” function) and may be poor
for some probability distributions. The rejection method was
deemed not efficient for simulating TWDP channels, as we
were unable to find a highly efficient hat function.

To the best of the authors’ knowledge, weighted-counting
simulation as proposed here has not previously been proposed
in the literature. The remainder of this letter is organized as fol-
lows. The weighted-counter scheme is proposed in Section II
and the TWDP fading simulator is designed in Section III. An
application of the simulation of TWDP channels to receiver
diversity is given in Section IV. Section V concludes this letter.

II. A WEIGHTED-COUNTER SCHEME FOR SIMULATION

We consider simulation estimates that are based on count-
ing; this includes estimators of CDFs, PDFs, outage probabil-
ity, and symbol error rates, for example. We are particularly
concerned with the performance of wireless digital transmis-
sion systems subject to fading. Define the random fading
1 x T row vector R = [Ry, Ro, ..., Ry], where the Ry, t =

1,..., T are random variables representing fadings, and the
random “nuisance” 1 x M row vector X = [X1, Xo,..., Xy],
where the random variables X,,,m = 1,..., M may be,

for example, Gaussian noises or cochannel interferences. Let
fr(T) be the joint probability density (PDF) of the random
fading vector, R, and fy(f) be the joint PDF of the ran-
dom nuisance vector, X. In fading, some of the components
of X may be functions of R; for example, cochannel inter-
ferers may be subject to fading, so we define fmﬁ(f\?) as
the PDF of X conditioned on the fading, fﬁ(?). Generally, a
performance measure of the system is given by the multiple

integral expression,!
oo
; fR(T)//~~~/fy|§(T|?)da_de (D
E

[

where the hypervolume E in M-dimensional hyperspace repre-
sents the region where the event occurs. Computer simulation
is widely used to estimate the integral in (1) because of the

UIn the model, we permit fy‘ﬁ(i) = 6(z1)8(w) - - 8(zpr), so that X =

0. Then the model includes outage probability as an event, for which the
multiple integrations over X equals unity.
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complexity and stability issues related to computing nested
integrals, and because the amount of numerical computations
involved grows exponentially with the number of levels of inte-
gration. Let p denote the estimate of p obtained by simulation,
which is given by

N -
L N 1) N
b= N x Ny

the indicator function I(7;,7;) taking on the unitary value
when the event occurs, and the value zero when it does not. N
and Nf are the number of nuisance vectors and fading vectors,
respectively, generated in the simulation, and where 7; and
z; denote the jth vector of fading random variates and the
ith vector of nuisance random variates, respectively. The joint
PDFs, fg. 7, (i|7j) and gg (7). of the random vectors X,
and RJ representing the ith nuisance vector and jth fading
vector, respectively, of the simulation do not depend on i and
J» respectively and have common PDFs fylﬁ(ﬂ?) and g7(7),
respectively. The estimator p in (2) is an unbiased estimator
of p, as its mean equals p, i.e.,

N - Nf X E[I(T”j,fi)}

Elp] = VN, 3)
o b kw0 [ e

x I(7r;,2;)dzdr
[ ] [ i
(&)

since the indicator function I(7,Z) is 1 inside the region E,
and O outside. Now consider the case when the evaluation of
estimate P is rather cumbersome, because the generation of
the samples of the R vector is complex; this is, for example,
the case for the TWDP fading channel. What we observe is
that, in lieu of estimating p by (2), we can resort to

N, _ _
Sty W(T) iy 175, %)
N X Nf

where the statistical description of the 7; components has been
replaced by an alternative, more tractable joint PDF, gp(7),
subject to the constraint g5 (7) # 0 where f5(7) # 0, and the

Pwe =

(6)

W(7), j =1,2,..., Ny represent proper weights,
v Jr(m
W () = fj‘f(}). (7
gR(Tj)

It must be verified that Py, is again an unbiased estimator
of p. Taking the average of (6) and making use of (7) gives,

N - Ny x E[]W(7) x I(7,7)]
N - Ng

AARYARLE

fy‘ﬁ(iv)dﬁ;}gé(ﬂd?

[0 ] [ s

E[puwe] =

//fR
I

7)dzZd7 = p. (8)
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In the sequel, it will be conveniglt to consider the case
where the T random components of R; are mutually indepen-
dent, so that one has

IR (i) SRip(r2) SR ()
W) = IR (1j1)  9R;5(T52) IR (15T O
= W(rj1)- W(rj2) - W(rr) (9b)

where we define W(rj;) as the marginal weight associated
with the rth random variable of the jth vector of random vari-
ables, and where ijt(Tjt) and gRﬁ(rjt) for t =1,2,..., T
are, respectively, the marginal PDFs of the multivariate PDFs
fR(T”j) and gR(T“j).

III. GENERATING RANDOM VARIATES
FrROM TWDP CHANNELS

We design a weighted-counter scheme to simulate the ampli-
tude of TWDP fading channels, that can be used to simulate
outage probabilities and other performance metrics such as
symbol error rate in systems employing coherent modulation
schemes assumed to have phase recovery. The expressions
for the PDF of the random amplitude, R, of TWDP fading
derived in [1, eq. (29)] and [3, eq. (2)] are in integral forms,
namely

fa(r) :r/oo =75 Jo(ro) Jo (Vi) Jo( Vau)udy (10)
0

and

1 [7 r
« = / eKAcosGI()(i
m™Jo g

respectively, where 202 is the power of the scatter components,
V1 and Vo are the amplitudes of the two specular compo-
nents, Jo(-) is the regular Bessel function of the first kind
of order zero, K is a distribution shape parameter equal to
the ratio of the total power in the two line-of-sight compo-
nents to the power in the scatter components (similar to the
Ricean K factor) , and Iy(-) is the modified Bessel function of
the first kind of order zero. The parameter A is also a shape
parameter taking values between 0 and 1, defined to relate the
relative magnitudes of 1 and V3 to one another [10]. More
detailed explanations and intuitive meanings of the parameters
are given in [1] and cannot be repeated here due to space lim-
itations. The TWDP PDF is very complicated, and it is not
feasible to apply the direct method to eq. (11). Therefore, we
design a simulator for TWDP fading channels by inventing
the weighted-counter scheme.

The weighted-counter technique is most effective when
gr(T) is “close” to fr(7) so that the weights do not become
too large or too small. In this regard, one should pay attention
to the ratio of the values of the tails of g5(7) and fz(7) for
large arguments. Here, we choose gRﬁ(rjt), t=1,...,T as
the PDF for the Ricean channel, and ijt(Tjt)» t=1,...,T
as the PDF for the TWDP channel, so that,

K- Acose)) do (11)

7‘2
Otem 50 *K10<@\/2K) (12)
g o

9Rjt (rje) =
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Then, the counter weight W (7;) becomes

Tr(7))
W(rj) =9 9(1)"
0, if the event does not occur

H$:1 fR]-t(Tjt)
=< 1L, 9rj, (Tit)’

if the event occurs

\-/

if the event occurs

0, if the event does not occur
_ W ()] T if the event occurs (14a)
0, if the event does not occur
where
Ir
W(T]t) ]t( )
IRy, (Tjt)

f(;r eKACOSQID(% 2K(1 - Acosé‘))dﬁ
B 7rfo<rﬁ\/ﬁ>

because the r;; are independent and identically distributed.

The value of the weights might seem to be an important
issue; perhaps very large or small weights compared to the
value 1 could result in inaccurate computations. To illustrate,
imagine that the weights need to assume values greater than
1020 or less than 10720, while some of the weights have val-
ues close to 1. Then, some of the events go lost in the counting
process because of finite numerical precision in the computa-
tions. Note that the dynamic range of the weights is determined
by the choice of the functions g(r) and f(r).

To study this question further, consider the relative mag-
nitudes of the weights for TWDP fading. The weights are
functions of the parameters %, K, and A; that is,

(14b)

W (r;s) = W(%;K,A). (15)

Fig. 1 shows the weight, W(%; K, A), as a function of %
for K = 6 dB and four different values of A. When A = 0,
the TWDP fading distribution becomes the Ricean fading dis-
tribution and the weight W(Tﬁ K,0) =1, as seen in Fig. 1.
Observe that the counter weight becomes large for large val-
ues of % and for % = 0. It also increases as A ranges
from O to 1. Note that values of the weight function greater
than 1 must infer that there are also values of the weight
function less than 1. Fig. 1 shows, therefore, regions where
W(%;ICA) > 1 and regions where W(%;K,A) < 1. We
have found empirically that there are no problems in simulat-
ing values of K < 12 dB (the simulations were implemented
on the MATLAB simulator in the Windows operating system).
Note that for values of K > 12 dB, the probabilities involved
are so small as to facilitate asymptotic analysis or as to require
special simulation techniques.

Theoretical PDF and CDF curves are shown in Fig. 2
and Fig. 3, respectively, and simulated PDF and CDF curves
obtained using the weighted-counter method are also shown.
Excellent agreement between theoretical and simulation results
is seen in all cases.
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Fig. 1. The weight W(%, K, A) as a function of % for K = 6 dB and
four different values of A, with fixed scatter component power (02 fixed).
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Fig. 2. The theoretical and simulated PDFs of TWDP fading amplitude for
K = 6 dB and four different values of A.

IV. APPLICATION

As an example of the weighted-counter simulation scheme,
we study the outage probability of equal gain combining
(EGC) diversity [11], [12] in a three branch diversity system.
EGC diversity is a coherent scheme and so only the ampli-
tude of the faded signal needs to be simulated to determine,
outage, symbol error probability, packet rate, packet interar-
rival time statistics, etc. Note that there are no closed-form
solutions for these problems, and that the problem of find-
ing a closed-form solution for the PDF of EGC for 3 or more
diversity branches is extremely difficult (see [11] and [13] and
references therein). Furthermore, the characteristic function of
the TWDP distribution is not known in tractable closed-form.
These facts preclude analytical solutions to these problems,
so weighted-counter simulation is a good choice for tractable
performance evaluation.
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Fig. 3. The theoretical and simulated CDFs of TWDP fading amplitude for

K = 6 dB and four different values of A, with fixed scatter component power
(o2 fixed).
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Fig. 4. Comparison of the outage probability of 3-branch EGC and single
branch reception operating on a TWDP channel for K = 6 dB and four
different values of A. The normalized average SNR = %’W, where 7 and
Ythy are average SNR and outage threshold, respectively.

Fig. 4 shows the outage probability of EGC operating on a
TWDP channel with K = 6 dB for four different values of A.
At 10 dB, when the TWDP parameters reflect a poor channel
(A = 1), 3-fold EGC diversity improves the outage probability
from about 10! to 3 x 10*4, making an unusable channel
usable. On a better TWDP channel (A = 0.4), 3-fold EGC
diversity improves the outage probability from about 10~ to
3x 104 at 5 dB. When A = 0, the TWDP channel becomes
a Ricean channel, which is seen to perform best at high SNR
in this example. Interestingly, as seen by careful inspection of
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the curves at small values of SNR (less than —4.8 dB), the
ordering of the channels from best to worst is reversed from
the ordering at moderate to large SNR.

V. CONCLUSION

Refined new channel models enable improved utilization
of wireless channels, but may entail complicated amplitude
distribution functions which cannot be usefully inverted. The
direct method cannot be used to generate random variates
for simulation when the inverse CDF function is not known,
and rejection methods may suffer poor efficiencies. A novel
weighted-counting simulation technique was proposed for such
cases. As an example, the method was applied to obtain
new results for the outage probabilities of 3-branch EGC on
TWDP channels for different choices of the TWDP channel
parameters. The weighted-counter simulation scheme will find
application to other fading channel models whose CDFs are
complex and/or not invertible.
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